Abstract: In this note, we revisit and show how some old results on odd perfect numbers follow from assuming some unproven yet reasonable conjectures.
Introduction
Let x be a natural number. We denote
as the sum of divisors of x. Let the abundancy index of x be given by I(x) = σ(x)/x, and let the deficiency of x be given by D(x) = 2x − σ(x). We then have the identity
Furthermore, notice that if z = w i=1 y i t i is the prime factorization of z, then we have the following formula for the sum of divisors of z:
where the y i 's are primes and w = ω(z) is the number of distinct prime factors of z. This means that the σ function satisfies σ(AB) = σ(A)σ(B) if and only if gcd(A, B) = 1, which implies that σ is multiplicative. Therefore, if gcd(A, B) = 1, it follows from the formula for σ above that
which proves that the abundancy index function I is also multiplicative. Finally, notice that the deficiency function D is in general not multiplicative. We will use, many times, the multiplicativity of the sum-of-divisors function σ and the abundancy index function I to prove the results in this paper.
A natural number N 1 is called perfect if σ(N 1 ) = 2N 1 . (On the other hand, a natural number N 2 which satisfies σ(N 2 ) = 2N 2 − 1 is called almost perfect.) The following result (proved by Euclid and Euler) gives a necessary and sufficient condition for an even natural number E to be perfect. q is a prime that satisfies q ≡ k ≡ 1 (mod 4) and gcd(q, n) = 1. We will call q the special or Euler prime of O, q k the Euler factor, and n 2 the non-Euler part. (Notice that both E and O have the forms N = Q K M 2 where Q is prime, K ≡ 1 (mod 4), and gcd(Q, M ) = 1.) Descartes, Frenicle, and more recently Sorli [13] conjectured that k = 1 holds. Sorli predicts k = 1 after testing large odd numbers N with ω(N ) = 8 for perfection. Subsequently, Beasley [1] The objective of this paper is to collect some old results on odd perfect numbers which could also be proven by assuming some unproven yet reasonable conjectures. As far as the authors are aware, the approach to these old results presented here is new and has not appeared elsewhere. The novelty of this new approach is that the proofs so produced are significantly shorter than the original arguments.
Summary
First, we reprove the following result from our previous paper [7] on this topic. We give here a trivial proof of the following lemma.
is an odd perfect number with Euler prime q, then
The proof of Lemma 1 is essentially the same as that contained in [7] , except that we make use of an algebraic trick to trim it down.
Dris [4] proved the following result in his M. Sc. thesis. This was eventually published by Dris [6] . (We shall not give an alternative/shorter proof of this theorem here.)
Theorem 2 together with Lemma 1 shows that the non-Euler part n 2 is not almost perfect.
The following theorem was proved by Dris and Luca [9] .
is an odd perfect number with Euler prime q, then σ(O/q k )/q k > 5.
Remark 1. We note that several authors have made various improvements to the proof for Theorem 3 in the literature.
We give a short proof of Theorem 3 by assuming the truth of either of the following two conjectures.
is an odd perfect number with Euler prime q, then k = 1 always holds.
is an odd perfect number with Euler prime q, then the inequality
In fact, Conjecture 2 implies the following corollary.
is an odd perfect number with Euler prime q, then the estimate
The following (weak) result appeared in [5] . (Observe that the congruence n 2 − q k ≡ 0 (mod 4) holds.)
is an odd perfect number with Euler prime q, then the inequality n 2 −q k ≥ 8 holds.
We generalize Lemma 2 in the following result, by assuming Conjecture 2 in the "proof".
Theorem 4.
If O = q k n 2 is an odd perfect number with Euler prime q and n 2 − q k is a power of two, then n 2 − q k = 2 2r+1 .
In fact, assuming Conjecture 2 is true, we have the following easy corollary.
holds.
Lastly, we prove the following theorem, which follows from Theorem 4.
is an odd perfect number with Euler prime q, n 2 − q k is a power of two, and q is a Fermat prime, then Conjecture 1 is false.
All of the proofs given in this note are elementary. (Note that the proofs of Corollary 1 and Corollary 2 are trivial.)
A trivial proof of Lemma 1
Let O = q k n 2 be an odd perfect number with Euler prime q. By the definition of perfect numbers, and using the multiplicativity of I, we have
.
Now, by setting
we can use the algebraic identity
,
The remaining part is to show that
and this follows easily from σ(n 2 )
and the fact that gcd(q k , σ(q k )/2) = 1.
This finishes the proof.
A short "proof" of Theorem 3
Let O = q k n 2 be an odd perfect number with Euler prime q. By Lemma 1, we have
We want to show that, assuming certain unproved yet reasonable conjectures in the literature, then i(q) > 5.
We claim that i(q) > q. The proof of i(q) = q is trivial, and follows from gcd(q, n) = 1. We now give two disproofs for i(q) < q, by assuming Conjecture 2 and then Conjecture 1, respectively.
Disproof 1: Assume that Conjecture 2 is true. Then we have q k < n (which implies q < n), so that
which is a contradiction. Disproof 2: Suppose that Conjecture 1 holds. Then we have k = 1, which implies that q < n (a result of Brown [2] , albeit still unpublished as of October 2018). We obtain
which, again, is a contradiction. This ends the short "proof" for Theorem 3.
5 The "proof" of Theorem 4
Let O = q k n 2 be an odd perfect number with Euler prime q, and suppose that n 2 − q k is a power of two. (Assume, for the sake of arriving at a contradiction, that Conjecture 2 is true.) Since q ≡ k ≡ 1 (mod 4), then q k ≡ 1 (mod 4). Moreover, since n 2 is a square, then n 2 ≡ 1 (mod 4). It follows that n 2 − q k ≡ 0 (mod 4). (Note that q k < n 2 by Theorem 2.) Thus, n 2 − q k = 2 t for some integer t ≥ 2 (by assumption). We shall show that t cannot be even.
To this end, suppose to the contrary that n 2 − q k = 2 2s . Then we obtain n 2 − 2 2s = q k , from which it follows that (n + 2 s )(n − 2 s ) = q k .
This implies that we have the simultaneous equations
where u is an integer satisfying 0 ≤ u ≤ (k − 1)/2. It follows that we have the system
We then have
We now consider the Diophantine equation
This can be rewritten as q k = 2 v + 1 upon setting v = s + 1. (Note that, since 2s = t ≥ 2, then v = s + 1 ≥ 2.) We claim that k = 1. Suppose to the contrary that k > 1. Then we obtain the only possible solution (q, v) = (3, 3) by Mihǎilescu's theorem [10] . This contradicts q ≡ 1 (mod 4). Therefore, k = 1 holds, and we have The second equation implies that n = (q + 1)/2 < q. This contradicts Conjecture 2, which states that q k < n (and implies that q < n). (Alternatively, if one would be willing to accept the veracity of the recent preprint [2] by Brown, then we already have a "proof" for the inequality q < n. Still other alternative "proofs" are given in the paper by Dris [8] and by Starni [14] .) This finishes the proof.
